Let G be a finite p-group acted on faithfully by a group A. We prove that if A fixes every element of order dividing p (4 if p = 2) in a specified subgroup of G, then both A and [G, A] behave regularly, that is the elements of order dividing any power p i in each one of them form a subgroup; moreover A and [G, A] have the same exponent, and they are nilpotent of class bounded in terms of p and the exponent of A. This leads in particular to a solution of a problem posed by Y. Berkovich. In another direction we discuss some aspects of the influence of a p-group P on the structure of a finite group which contains P as a Sylow subgroup, under assumptions like every element of order p (4 if p = 2) in a given term of the lower central series of P lies in the center of P.
Introduction
Let G be a finite group acted on by a group A. It is convenient to say that A acts p-centrally on G if A fixes every element of order dividing p (4 if p = 2) in G.
For a positive integer k, the left normed commutator [x 1 , x 2 , . . . , x k ] in k elements of an ambient group, can be defined by induction, [x 1 ] = x 1 and [x 1 , x 2 , . . . ,
We define γ k (G, A) to be the subgroup of G generated by all the left normed commutators [x 1 , x 2 , . . . , x n ], n ≥ k, where the x i 's lie in G ∪ A in such a way that x 1 ∈ G, and at least k − 1 of them lie in A. Note that if one takes the natural action of G on itself, γ k (G, G) coincides with γ k (G) the kth term of the lower central series of G. Moreover we have γ k (G, A) is an A-invariant normal subgroup of G; this fact will be used freely below.
In [7] , M. Isaacs proved that if A is cyclic and acts p-centrally on [G, A] , for all the primes p dividing |G|, then there is a severe restriction on the structure of [G, A] in terms of n the order of A; for instance [G, A] is nilpotent of class bounded by n, and has exponent dividing n. The first purpose of this paper is to show in one hand that an analogue of Isaacs' result holds under the weaker condition that A is a group of automorphisms of G acting p-centrally on γ p (G, A), and on the other hand to show that such a severe restriction applies also on A. This result is the best possible as shows the following example : Let E be an elementary abelian p-group of rank p + 1, and let A be the automorphism group of E generated by the matrix
, and A acts p-centrally on it. We have exp[E, A] = p, however it is easy to see that for any positive integer n, we have (with the convention
The following is an immediate consequence of Theorem 1.1.
Corollary 1.2. Let G be a finite p-group which acts p-centrally on γ p (G). Then G ′ and G/ Z(G) have the same exponent.
Note that a particular version of Corollary 1.2 was proved by T. Laffey in [11] , where he established it under the condition Ω(G) ≤ Z(G). M. Y. Xu generalized Laffey's result to the case where G acts p-centrally on γ p−1 (G), with p odd (see [12, Corollary 4] ). The result is also known for a special class of p-groups of class ≤ p, more precisely for p-groups of maximal class and order ≤ p p+1 . Moreover our proof implies, in fact, that A finite group G which acts (by conjugation) p-centrally on itself is termed p-central (this terminology is due to A. Mann, see [5] ). The p-central p-groups have many nice properties which qualify them to be dual to the powerful p-groups, we refer the reader to the introduction of [5] for some basic facts on p-central p-groups.
J. González-Sánchez and T. Weigel introduced in [ A natural variant of a p-central group of height k, is a group that acts p-centrally on the kth term of its lower central series. For k = 1 and p odd, the two definitions coincide. A remarkable work in this context, which is not followed up extensively, was done by Ming-Yao Xu in [13] . He proved that a finite p-group (p odd) satisfying Ω 1 (γ p−1 (G)) ≤ Z(G) should behave regularly: the exponent of Ω n (G) does exceed p n , and moreover |G :
The next result deals with the analogue of Theorem 1.4 for this dual class. Note that this generalizes Lemma B in [7] , with only a slight more effort. The proof follows easily from Frobenius' normal p-complement theorem (see [6, Theorem 4.5, p 253]).
Theorem 1.5. Let G be a finite group which acts p-centrally on γ i (G) for some positive integer i. Then G has a normal p-complement.
Let us note that the original proof of Theorem 1.4 is based on Quillen stratification (see [5, Theorem 3 .1]), as well as Quillen's p-nilpotency criterion (see [5, Theorem 3.3] ). We will give below a more elementary proof of it, which is based on Theorem 1.5, and hence on the classic Frobenius' normal p-complement theorem. Note also that our proof covers the prime 2, however in that case we have to assume that G is 4-central of height k ≥ 1. Now we turn our attention to p-soluble groups. Assume that G is a finite p-soluble group, and that a p-Sylow of G is p-central (4-central if p = 2) of height k. In [5] it is proved that if k ≤ p − 2 and p 2, then the p-length of G is ≤ 1. In a subsequent paper E. Khukhro (see [10] ) generalized this result and showed that the p-length of G is bounded above by 2m + 1, where m is the largest integer satisfying 
The notation in this paper is standard. Note only that Ω(G) stands for Ω 1 (G) if p is odd, and Ω 2 (G) if p = 2; and Ω {i} (G) denotes the set of all elements of G having order dividing p i . The basic results on regular p-groups can be found in [9, Kap III], as well as in [1] . We shall use them freely in the paper.
The remainder of the paper is divided into two sections. Section 2 is devoted to proving Theorem 1.1, and Section 3 to proving the remaining theorems stated in the introduction.
p-central action on p-groups
First, we collect some basic facts about the series γ i (G, A) defined in the introduction. Lemma 2.1. Let G be a finite group and A be a group acting on G. Then we have
Proof. 1. We proceed by induction on j. Assume that j = 1, if c is a generator of γ i (G, A) and a ∈ A, then clearly [c, a] ∈ γ i+1 (G, A). Since γ i+1 (G, A) is normal in G and A-invariant, the claim follows for j = 1. Assume now that the result holds for j, it follows that [γ
i (G, A), γ j (A), A] ≤ [γ i+ j (G, A), A] ≤ γ i+ j+1 (G, A), and [A, γ i (G, A), γ j (A)] ≤ [γ i+1 (G, A), γ j (A)] ≤ γ i+ j+1 (G, A); the Three Subgroups Lemma yields [γ j+1 (A), γ i (G, A)] ≤ γ i+ j+1 (G, A).
It follows from the first property that all the subgroups [γ i (G, A), A, n G] lie in γ i+1 (G, A).
Conversely let c = [x 1 , x 2 , . . . , x k ] be a generator of γ i+1 (G, A), and let be s = sup{i | x i ∈ A}. We have (G, A) , A, n G] = 1 for all n ≥ 0, so by the second property we have γ i+1 (G, A) = 1, a contradiction.
Assume for a contradiction that
In the same spirit, the Three Subgroups Lemma yields
Lemma 2.2. Let G be a group and A be a group acting on G. Let k be an integer ≥ 2, H = [G, A], and assume that A acts p-centrally on
γ k (G, A). Then Ω(γ k−1 (H)) ≤ Ω(γ k (G, A)) ≤ Z(H). Proof. We have [Ω(γ k (G, A)), G, A] = [A, Ω(γ k (G, A)), G] = 1. The Three Subgroups Lemma yields [H, Ω(γ k (G, A))] = 1. Since γ k (G, A) ≤ γ 2 (G, A) = H, it follows that Ω(γ k (G, A)) ≤ Z(H). Now we claim that γ k−1 (H) ≤ γ k (G, A). For k = 2
this is trivial. Assume that this is proved for k, and put
K = γ k (G, A). We have [K, A, G] ≤ γ k+1 (G, A), and [G, K, A] ≤ [K, A] ≤ γ k+1 (G, A).
It follows again from the Three Subgroups Lemma that [H, K]
In [12] Ming-Yao Xu showed that if a finite p-group G, p odd, satisfies Ω 1 (γ p−1 (G)) ≤ Z(G), then G is strongly semi-p-abelian, in other words G satisfies the property :
Such a group shares many properties with the regular ones (see [13] ). For instance the exponent of Ω n (G) does exceed p n , and |G : G (ii) for p odd, |G :
The above result combined with Lemma 2.2 yields
Corollary 2.4. Let G be a finite p-group and A be a group acting on G, such that A acts pcentrally on γ p (G, A). Then for any positive integer n, and for H = [G, A], we have
The following lemma generalizes a result of I. M. Isaacs (see [7, Theorem 2.1]).
Lemma 2.5. Let G be a finite p-group and A be a group of order p acting on G, such that A acts p-centrally on γ p (G, A). Then [G, A] has exponent at most p.
Proof. Assume first that p is odd. By induction on |G| we may assume that the result holds for any smaller p-group. A is cyclic, we have K/γ 3 (G, A) is abelian. Hence γ 2 (K) ≤ γ 3 (G, A). Now by induction we may assume that A) , and the Three Subgroups Lemma implies that [ 
As γ p (K) = 1, it follows that K is regular; moreover as
. we have
This shows that [G, A] is generated by elements of order not exceeding p; as K is regular it follows that the exponent of [G, A] is at most p. It follows easily that 
In Lemma 2.6 as well as Lemma 2.7 we assumed that A is a p-group. The following result shows that this assumption can be dropped if one assumes that A acts faithfully on G. The result in a seemingly weaker form is classic (see [9, Satz IV.5.12]). The collection of the lemmas above yields the following key result.
